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A recursive system identification and retuning methodology is presented for a recently developed delayed feed-
back vibration absorber. The retuning is needed against the parametric variations in the system. It is performed
to maintain optimal vibration suppression properties for wideband excitations. The optimized absorber offers
minimum peak frequency response within the given wideband frequency range. A new scheme is introduced for
the tuning of the absorber as the system experiences structural variations. The scheme suggests a nested procedure
of two optimization steps, one for identification and the other for control. Feasibility of the proposed methodology
is demonstrated through simulations. One of the examples deals with a single-degree-of-freedom system, and the
second one is for a two-degree-of-freedom setting. Results show that with only three iterations used for the first
example and five iterations used for the second example in the parameter identification part of the process, the

frequency response peaks are reduced by 25%.

I. Introduction

HE tuned vibration absorber (TVA) is a passive device that re-

ducesundesirablevibrationsin the mechanical structuresin the
vicinity of its peak response frequency @peqk (Ref. 1). Itis elastically
connected to the primary structure (the original vibrating mechani-
cal structure) and properly sensitized to absorb the vibratory energy
at a given frequency. When the primary structure is subjected to
a wideband frequency forcing, however, the passive absorber fails
to function effectively. In such cases, optimally tuned vibration ab-
sorbers with ideal structural parameters are used.>~> A commonly
accepted optimization criterion is to minimize the peak response of
the system to wideband excitation.

An example of an actively controlled TVA is, so called, the de-
layed resonator (DR) of Refs. 6 and 7. It uses a proportional time-
delayed partial state (position, velocity, or acceleration) feedback
control,on a conventionalpassive mass-spring-dampertrio (Fig. 1).
This feedback places the dominant characteristic roots of the ab-
sorber subsection on the imaginary axis, which, in turn, creates a
resonantabsorber. This absorber suppressesoscillations perfectly at
this frequency, but at the cost of substantially worsening absorption
properties at the neighboring frequencies. For wideband excitation
cases, this feature is not desirable.

An improvement was made on the DR absorber to introduce a
frequency response that is flat through a wide frequency range?
The final product is called the delayed feedback vibration absorber
(DFVA). This is achieved by properly selecting the control param-
eters involved (feedback gain g and time delay 7 in Fig. 1), as
summarized later. The objective here is to introduce further im-
provement by performing this optimization online as the system
properties show variations. Note that the variations of both the pri-
mary and the absorber are taken into account. The optimum DFVA
is arrived at through the utilization of all of this information.

Earlier work on the DFVA falls short of bringing a satisfactory
procedure for an online determination of feedback parameters g and
7 (see Ref. 8). The main obstacles are the structural variations oc-
curring in the system (again both in the primary and the absorber),
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while the DFVA suppressionis in progress. An online tuning mech-
anism is needed to account for these variations, as in the procedure
presented in Ref. 9, except that the latter treats problems with sin-
gle frequency excitations. Their robust tuning process requires only
the accelerations of the absorber mass and the base of DR, that is,
the point of attachment. A simplification of this procedure is the
truly decoupled nature of the control from the primary system prop-
erties. Thus, physical changesin the primary system play no role in
the selection of control. Although this is a very effective method,
the single frequency restriction introduces limitations for practical
applications. The present work eliminates this limitation by treating
wideband frequency cases. This objective constitutes the primary
motivation for this report.

We present here a quasi-online tuning of the control parameters
g and 7 for optimum DFVA, in which some segments of the data
are used for identification and some future data are utilized for con-
trol optimization, and so on. An iterative identification procedure
is followed for the uncertain parameters of the system. An online
optimization is then performed based on the newly determined pa-
rameters for the feedback gain g and time delay 7. This introduces
a nested procedure, which is repeated over time as the new data be-
come available. We then demonstrate the feasibility of this scheme
through simulations.

The paper is arranged as follows: In the section immediately fol-
lowing the problem statement, the effect of parametricuncertainties,
and the main objectives of this study are described. For simplicity
we consider a single-degree-of-freedlom (SDOF) primary system at
this stage. Section III briefly reviews the optimization process over
the control parameters g and 7 with associatedstability and physical
constraints. The identification partis addressedin Sec. I'V. Section V
extends the modeling efforts to multi-degree-of-freedom (MDOF)
primary structures. The two proceduresdescribedin Secs. [Il and IV
are combinedinto a nested formin Sec. VI. The numericalexamples
are givenin Sec. VII for an SDOF as well as two-degree-of-freedom
(2DOF) systems.

II. Problem Statement
In this section we present a brief review of the DFVA methodol-
ogy of Ref. 8. An SDOF primary system is taken into consideration
to avoid undue complicationsin modeling. The DFVA is appended
to the primary structure, and the resulting combined system is de-
pictedin Fig. 2. Delayed accelerationfeedback is considered for the
absorber subsection as

gjc.u(t - T) (1)
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Fig. 1a Passive absorber.

Fig. 1b Absorber with delayed
acceleration feedback.
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where g and 7 are the feedback gain and time delay, respectively.
Here, the control parameters g and 7 are selected for properly plac-
ing the dominantpoles of the combinedsystem. This is differentthan
the delayed resonator (DR) strategy, where the dominant poles of
the absorberare on the imaginary axis. For the reader’s convenience,

a brief overview of the DR conceptis presented in Appendix A.
The equations of motion governing the dynamics of Fig. 2 are

mujéu(t) + cuxu(t) + kuxu(t) - gx.u(t - T) = cuxl(t) + kuxl(t)
)
m X%, (1) + (¢ + ¢)% (1) + (ky + k)x (1)

- {Cuxu(t) + kuxu(t) - gjc'u(t - T)} = f(t) (3)

where x;(¢) and x,(¢) are the respective primary and absorber dis-
placements and f(¢) is a wideband excitation force. We define a
vector® ={m, c, k, m; ¢, k;}" of the system parameters whose
components are indicated in Fig. 2.

It is assumed thatthe true value of 8, for instance, 8%, is unknown,
but bounded. That is,

1A6/0] < v )

where |||| denotes a vector norm, / represents a term-by-term divi-
sion, y is a positive finite scalar,
Amu = m:; —-m,
Ac, =c} - ¢,
IR e
Amy =mj] —m,
AC] = CT — C
Ak, =kr -k, 5)
Here, ()* and () denote the respective true and nominal values of
the argument.
The Laplace domain representationof the system of Egs. (2) and
(3)is

(mus2 + 5+ ku - gS2€_U)X,l(S) = (C,,S + ku)Xl(S)
{mis? + (e + c)s + (ki + k) )X (5)
- (CUS + ku - gS2€_U)Xu(S) = F(S) (6)

where X,(s), X,(s), and F(s) are the Laplace transformations of
X,(1), x1(), and f(t), respectively. The transfer function between
the excitation force and primary system acceleration is then written
as

TE(s) =

§2X,(5) _ mys* + c,s + k, — gs?e™™ @
F(5) H(s)

where

H(s) = {mls2 +(c; +c)s + Kk + k,,}(m,,s2 +c,s + k,

- gs2e_”) —(c,8 + k,,)(c,,s + k, — gs2e_”)

Notice that the characteristicequation of the combined system is
simply

H(s) =0 (®)

Foreach g #0and t £#0, Eq. (8) has infinite number of roots, which
are called the spectrum of the time-delayed system. The passive ab-
sorber, that is, g =0, is always stable, whereas a DFVA with im-
properselectionof gain and delay can drive the systemto instability.
Naturally, the stability requirementhas to be satisfied throughoutthe
search of optimal control.

A. Optimization over Control Parameters

The principle objective of this study is to find the control param-
eters g and 7 such that the peak magnitude of the frequency transfer
function (FTF)

i=v=1 ©

is minimized over a prescribed wideband frequency range. The nu-
merical problemis, therefore,to minimize J over g and 7, subjectto
some constraints. The results are obviously dependenton the system
properties at hand. Therefore, the variationsin the structural param-
eters of the system should be accounted for. The approach to obtain
the optimal feedback control is, hence, mixed with the application
of system identification in a sequential manner.

J = max{|[FTF(o)|} = max{|TF(s)l, = jo },

B. Identification Objective

An identification scheme should provide the best estimates of
the system parameters 0. For a time-varying system, this needs
to be done online. As the system parameters show variation, the
corresponding feedback control optimization should follow. This
schemelendsitself to a nested identification/optimization procedure
as described in the following section.

III. Optimization over the Control Parameters

For this process, we assume the structural propertiesare fixed and
known. In principle, this optimization is similar to that of Ref. 8.
Here, we review the procedure for clarity. The objective of the opti-
mization is to minimize the peak frequency response of the system
over a wide frequency band. It has been shown in the literature that
both flattening the frequencyresponseand minimizing its peak yield
the same result.*!1%!!

The procedure is a min-max operation: Find the control parame-
ters g and 7 that minimize the peak frequency response FTF(w) of
the primary system. In other words, we seek the optimal solution to
min{ max [FTF(g, , co)]} (10)

8,7 Wlow = O < Oup
subjectto the constraints g, = > 0, and the assurance of the system
stability.

During various steps of searching for the optimal solution, g and
7 selections should remain in the stable region. For a given system,
thisregionon the g, 7 plane is well defined, althoughits description
may be numerically complex (Refs. 12 and 13).

A. Stability of the Feedback Control
Let us take the characteristicEq. (8) of the combined system and
recast into the form
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_ ’nllnus4 + (mucl + m,Cq + ’nlcu)s3 + (mukl + muku + mlku + clcu)s2 + (klcu + Clku)s + klku _ N(0, S)

ge

The necessary and sufficient condition for asymptotic stability is
that the roots of the characteristic Eq. (11), all have negative real
parts. This equation is transcendental and presents infinitely many
finite roots. Therefore, the verification of the root locations is not
a trivial task. We revisit a stability chart strategy as described in
Ref. 12.

When the combined systemis marginally stable, there are at least
two roots of the characteristic equation on the imaginary axis, that
is, s =+ jwm,, where subscript cs denotes the combined system.
The introduction of this conditioninto Eq. (11) yields the necessary
control parameters:

(12)

cs

N, o))
T DO, o))

N0, o))

1
Tes =w—{(2,€— D + LD(G, o)

cs

}, £=1,2,... (13)

where | | and £ are the magnitude and the angle of the arguments,
respectively.

For a particular delay t =1,, the combined system crossings
s ¢(7p) are determined from Eq. (13) and corresponding gains g ¢
from Eq. (12), where the subscriptand counter€=1, 2, . .. refer to
the first, second, etc., root loci branch crossings. To ensure stabil-
ity of the system, the feedback gain g should be smaller than the
minimum of these g¢¢(@.¢) values. That is,

g < gmin[@cse(fo)] (14)
where
gcs(a)csl)
gCS(COCSZ)
8min = min (15)

gcs(a)csfi)

for © =1y. These operating points, {min gee, e}, €=1,2, ...,
form the marginal stability boundary for the combined system, be-
low which (i.e., g.s < min g.¢)the systemis stable,and above which
it is unstable. This judgment follows the D-subdivision rule ex-
plained in Refs. 14 and 15 and applied for DR stability analysis in
Ref. 13. A typical outlook of such a curve is depicted in Fig. 3.
The stability boundary between the infeasible and feasible regions
is numerically determined using Eq. (15).

B. Constrained Optimization Strategy

For the determinationof optimal control parameters, the structural
properties are assumed fixed. The proposed constrained optimiza-
tion problem is then cast in the form

Tora =min{ max  [FTR(g, 7. co)]} = min{Goma(g. 7))
87

87 Wlow = O < Oup
(16)

subject to physical bounds
hy=-g<0, hy=-1t<0 17

infeasible
region

feasible
region

0

0 T

Fig.3 Typical feasible region for the control parameters.

s2(m1s2 +cs + kl)

T D0, ) (n

and the stability constraint
h3Eg_gmin<0 (18)

A typical feasible region dictated by the constraints (17) and (18) is
again depicted in Fig. 3. Gpgy, in Eq. (16) is the peak of the FTF.

The initial control parameters g and t are estimated to start the
process. A rational starting point is the corresponding DR feedback
gain g, and time delay 7. at the resonance frequency of the primary
structure @pey . That is, the initial g and 7 are taken as g, and 7. of
Eq. (A5) with the designated frequency ®. = @pea-

The optimum values of g and 7 are numerically determined next,
according to the descriptions in Egs. (16-18). Because the com-
putation of the derivatives of the objective function Gpgya(g, 7) is
very complicated, we seek an optimization technique that uses infe-
rior information. For this, the direct update methods are considered.
These methods require the computation of only the first derivatives
of the cost function.In this procedure, the informationobtained from
earlier iterations is used to accelerate the convergence towards the
minimum. Here, we use a widely accepted version of direct update
methods, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) routine,
which has been proven to be most effective in similar applications
(see Ref. 16 and a brief summary in Appendix B).

IV. Recursive Identification of the System Parameters

Assume that the initial control parameters g and 7 are determined
using the nominal plant parameters. This initiates the vibration ab-
sorptionoperation. The variationsin the structural parameters, how-
ever, are not yet considered. A strategy is described in this section
for the determination of these variations.

A. Performance Specification

A method that uses only absorber accelerationis presented here.
This signal should be sufficient to identify the parametric variations
in the structure. Imagine that an excitation f(¢) and the control with
g and 7 are applied to both the true plant (or experimental setup)
and the nominal plant, as shown in Fig. 4. G%(0") and G p(0) are
the transfer operators of the true and the model plants, respectively,
and C(g, 7) is the control law given in Eq. (1).

The objective of the parameter identification is to minimize the
differencebetween true absorberaccelerationoutputX;(¢) and nom-
inal absorber acceleration output X,(¢) by proper selection of the
system parameters 6. The problem can be stated with a cost func-
tion

o =min{[[£/¢, 6" ~ 5,1, 0) |} =min{Gi(8)} (19

subject to the physical constraint
0>0 (20)

£

G.(®") Gy(8)

————— )
(E1,6M) ot {5,(,0))
\ Y

Min {ligll,)
a

Fig.4 Schematic of the identification objective.
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and the inequality bound
16/6 — 1]l <y 21

The nominal absorber accelerationis obtained by solving differ-
ential Eqs. (2) and (3) with nominal parameters, @ = 8. It is also
assumed that @ satisfies inequality (4). The parameter @ is then nu-
merically updated in such a way that the cost function described
in Eq. (19), subject to constraints (20) and (21), is minimized. The
same method of optimization discussed in Sec. III is used, which
guaranteesthe convergenceof 0 toits true value * as describednext.

B. Convergence of the Parameters

The initial guess @ =@ for the optimization process satisfies con-
straints (20) and (21). For a procedural simplification, the con-
strained optimization problem of Eqs. (19-21) can be converted
to an unconstrainedoptimization problem with a transformationde-
scribed in Appendix B. That is, problem

Jio = min{Gp(0)} (22)

subject to inequality constraints
P = -0 <0, P =16/0 -1l -y <0 (23)
is converted into the unconstrained problem
Gipnew(8, 1) = Gip(0) + O[h(0), 1] (24)

whererisavectorof penaltyimposingparameters. Q isareal-valued
function whose contribution to the objective function (Gp new) is
controlledby r. The form of this additional penalty can be appropri-
ately selected. Here we use the inverse barrier function of Ref. 17:

2
Qlh(6), r] = (}) > [ng)} (25)

i=1
where r is taken as a positive scalar. It is clear that as the parameter
6 gets closer to the constraint, #; becomes smaller, increasing the
value of Q rapidly.

The function Q becomes infinite if any one of the inequality
boundariesbecomes active. Thus, if the iterative process starts from
a feasible point, it does not go into the infeasible region because
of the huge barrier. It is shown that as r — oo, thatis, as 0 — 0,
0., — 0" and the minimum of the objective function Gip new (6, 1)
isreached.The 8" is the optimum solutionof the originalconstrained
optimization problem.

l—fn

m

1
T

(A

TS

V. Extension to MDOF Primary Structures

Parameter identification and optimal absorber treatment can be
extendedto cases with MDOF primary systems. The resulting com-
bined system, the DFVA appendedon this MDOF primary structure,
isdepictedin Fig. 5. The DFVA is attached on the g th mass (or DOF)
of the primary structure. It is desired, again, to minimize the peak
frequency response of the gth mass, on the primary system, for a
given wideband frequency interval.

The state-space representation of this system is written in the
form of linear simultaneous differential equations:

(1) =Apy(t) + gAy(t — ) + f(1) (26)
where

() ={x1, Xy, oo, Xy, Xy, Xg, Ko )T

2n

f® =10, fi,...,0, f,,0,0}7 € R+ b
— —

2n

are the state variable and excitation vectors. The displacements of
the primary structure and the absorber are denoted by x;(#), where
i=1,2,...,n,andx,(t), respectively.Ay and A, € R2+ D X2 + 1)
are the constant system matrices.

The Laplace domain representation of the system is written in
general form as

(ST —Ag — gse™A,)Y(s) = H(s)Y(s) =F(s)  (27)
and the corresponding characteristic equation is
|H(s)| = det[s(I — ge™™A.) —Ag] =0 (28)

To not divert the focus of this study, we leave the details of this
derivationto Ref. 8. For this paper, it is sufficient to say that the pri-
mary structure accelerationon the ¢th mass s> X, (s) is functionally
linked to the excitation force and control as shown in Fig. 5. The
frequency transfer function between the external force at point p
and the acceleration X, is

$2X,(s : pthmass
FTF, (o) = X6 prp (29)
F,(s) s o q : gthmass
sTX(s)
Fl(s)
Fy(s) 52X, (s)
= - TF(s) @
\
F"(:S) s2X, ()
2
Control $TX ()

parameters (g,T)

Fig.5 DFVA implementation on an nDOF structure.
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A. Optimization on the Control Parameters

Based on the same argumentspresentedin Sec. 1. A, the feedback
gain g should be smaller than the infemum of the g0, €=1,2, ...,
to ensure stability of the system. To construct the stability bound-
aries, the characteristicEq. (28) of the combined system is rewritten
leaving ge™™* term on the left-hand side, as in Eq. (11). The proce-
dure described in Sec. III.A is then followed.

The constrained optimization problem is written in parallel to
Eq. (16),

Jprva = min{ max [FTFq(g, T, CO)]} =min{Gppva(g, 7)}
P 87

8T Wlow <O <y
(30)

subjectto constraints (17) and (18). The min-max problemis solved
for g and 7 as described in Sec. III.B with one difference: The
expressionscontaina highernumber of terms due to the added DOF.

B. Parameter Identification

With the same discussion presented in Sec. IV.A, the absorber
accelerationis used in the identification part. Through the governing
equation (27), the absorber acceleration is obtained as

(1) = L7 X, ()} 31)

The objective of identification is to minimize Eq. (19) subjectto
the constraints (20) and (21). The absorber acceleration of Eq. (31)
is used in the objective function (19) with the new system param-
eters@ ={m, c, k, m; ¢, k| m, ¢, k,}’, which represent
an extended form of @ given in Sec. I1.

VI. Nested Optimum Feedback Control
and Identification

The two optimization processes described earlier (one for iden-
tification and the other for vibration absorption) are combined. We
assume that the nominal system parameters are available and satisfy
inequality (4). It is also assumed that the absorber acceleration is
available as measured data. An offline optimization over the control
parameters g and 7 using the nominal system parameters 0 is per-
formed first. We denote this set of optimum control parameters by
gand 7.

To identify the system parameters 6 corresponding to the mea-
sured data, thatis, the absorber acceleration, we freeze a segmentof
the data and implement the system identification optimization. This
step is followed by the optimization on g and 7 based on the newly
identified parameters. The number of iterations for each optimiza-
tionis controlled such that the executiontime is kept below a certain
value. This duration can be appropriately selected by the user. For
instance, if the process at hand is a bridge oscillation and the para-
metric variationsdo not occur fasterthan once each hour, the two op-
timizationsmentioned may be allowed torun in the order of minutes.

As soon as the new control parameters become available they
are implemented on the true plant (experimental setup), and a new
segment of data is collected to repeat this procedure. Because the
convergence toward the true system parameters 8" is guaranteed,
this repetition improves the quality of the identification. Figure 6
depicts the flow chart of this methodology. The duration of 7, is
determined by the speed of the processorinvolved and may change
at each iteration depending on the data set processed. The speed of
variation of system parameters 8, however, will have to be slower
than the computational time needed for their identification.

Note that the stability constraint,expression (18), varies simulta-
neouslyin eachiterationofidentification. This procedureis included
in the optimization loop, as shown in Fig. 6.

VII. Numerical Examples and Results

To demonstrate the effectiveness of the proposed identification/
optimization structure, two examples are presented. First, we con-
sider a simple SDOF system to explain the nested parameter iden-
tification/optimized control scheme and to highlight its features.
In the second example, a more complex 2DOF system with DFVA
attached to the upper mass is studied to demonstrate the feasibility
of the method for higher DOF primary structures.

{zm}

output _ ?

A

0.00 time

Measured absorber acceleration,

{80} 1€l tu]
|1

Set: B, = %)
minf 6 - ,.0)[}=min{G, @)
Subject to #” <0,i=12

i

Results: 6
Set: =0

I

Construct the g vs. T plot
for current 6

{

Set: g,=¢,T,=7T
min { Mk:rsngé%[FTF(g, T }= f‘;‘"‘ {Gora e}

Subjectto h; <0, i=123

!

Results: {g, T}
Set: g=g,T=1

Fig. 6 Flow chart for the nested optimization procedure (P stands for
optimization process).

A. DFVA Implementation on SDOF Structure

The SDOF structure of Fig. 2 is taken as the first example. We
considerstep-typevariationson the parametersk,, ¢, k{, and ¢, from
their nominal (estimated) values, k,, ¢,, k;, and ¢,. It is clear that
variations in these parameters are likely to happen much more fre-
quently than those of m,, and m,. Therefore, the masses are taken as
time-invariantquantities. For a numerical example, we assume that
the nominal values are arbitrarily perturbed as

k* = 1.10%,, ¢t =1.10¢,
k* = 1.05F,, ¢t =1.05¢,
m’ =m,, my =, (32)

with the primary system parameters of

m, =5.77kg, k, =251.132 X 10° N/m

¢, = 197.92 kg/s, m, =0.227 kg (33)

It is concluded that setting the absorber stiffness and damping
(k, and c,) free during the optimization iterations offers a signifi-
cant improvement over keeping them fixed, even if these fixed val-
ues were that of the optimum passive absorber’s.® We present the
numerical results in the following progression:

1) The optimum setting for the DFVA absorber subsection
is searched first, based on the nominal primary system. The
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constrained optimization over [k,, c,, g, 7]” € R* is performed.
This procedure yields the optimal absorber

kP =k, =9.8014 X 10° N/m, c® =¢, =35.48kgls

gopt =& =0.0424 kg, Tope =7 =0.7305ms  (34)

2) These starting values are used next for the nested parameter
identification/control optimization process as per the flow chart in
Fig. 6. A typical time trace of the true primary accelerationis shown
in Fig. 7. Notice that this time history is obtained using the perturbed
parameters as in Eq. (32), which are to be recovered. The iteration
results are shown in Table 1, which demonstrate the convergence
of all parametric uncertainties in just three steps. To display the
improvementon the frequency response, the true frequency transfer
function (9) along with the discrete Fourier spectra of the measured
data are shown in Fig. 8. The discrete Fourier spectra, Fig. 8b, is
obtained as

X .
DFS(w;) = Xper(@) (35)
Forr(oy)
where
27[]( - v —jnoj
o = NT Xppr(@) = ;%(”T\-)e Jnents

N-1
Forr(oy) = Z f(”T\-)e_jnwkT‘
0

n=

where N is the number of recorded data, and T is the sampling
time. Notice the close correspondenceof Figs. 8a and 8b from the
frequency spectrum viewpoint. The optimum behavior (at the end of
third step) clearly shows a flatter spectrum where the peak response
is suppressed.

Notice that the excitation force f(¢) and the resulting primary ac-
celerationhave a wide band nature and, hence, count as nonperiodic
signals. The problems associated with these signalsin the frequency
domain is that the ratio of the corresponding discrete Fourier spec-
tra is not equal to the true frequency transfer function, as is obvious
from Figs. 8a and 8b. That is the reason why the identification in
this study is performed in the time domain. It is the common con-
viction thatthe frequency-domainsystem identification suffers from
the drawback that it cannot handle arbitrary signals without intro-
ducing systematic errors. The aim of giving these spectra here is
just to show the trend of improvement on frequency response in
consecutive steps of identification.

B. DFVA Implementation on 2DOF Structure

The second example consists of a two-mass primary system with
DFVA subsection mounted on the upper mass (Fig. 9). It is desired
to suppress vibrations at the point of attachmentof DFVA while the
lower mass is being excited by a wideband disturbance. That is, the
FTF between f; and X, is

§2X,(5)

FTF,(w) = o)

(36)

s=jo

One of the masses m; and its restoring components k; and ¢, are
identical to those of the first example, and the remaining system
properties are

k> =350.00 X 10° N/m,

m, =7.00 kg, ¢, =220.00 kg/s

(37

As in the first example, the four-dimensional DFVA optimization
over [k,, cq, g ©]7 € R* is handled first with the 2DOF primary

Table 1 Iteration steps in identification and optimization for SDOF primary

Step JDFVA Jp X1078  ¢® kg t® ms k¥ k. cilca  ki/ki el 100[1(6 — 6%)/6%||;
18 1.2367 139.97 0.0424 07305 1.1000 1.1000 1.0500 1.0500 1451
2 0.9603 1.3142 0.0460  0.6798  1.0003 1.0311 0.9999 1.1540 13.68
3 0.9578 0.2528 0.0459  0.6795 09999 0.9976 1.0000 0.9958 0.48
Desired  Min{Mpeak } 0 — ——  1.0000 1.0000 1.0000 1.0000 0
2Here, 0=6.
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Fig.7 Time trace of primary acceleration.
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Fig.8 Comparison between true transfer functions and discrete Fourier spectra: the true system is based on the nominal control parameters, step 1
(thin-solid); one-step identification/optimization, step 2 (thin-dotted); and two-step identification/optimization, step 3 (thick-solid).
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Fig. 9 DFVA on a 2DOF primary system.

properties fixed at their nominal settings. This yields an initial
startup point for (g, 7) and the new optimum absorberparametersas

kP =k, =9.8014 X 10° N/m,

Sop = & =0.1962 kg,

P =¢, =1979.70 kg/s

Top = 7 =0.0055s (38)

The nominal values of absorber and lower and upper masses are

then arbitrarily perturbed as

k* = 1.10F,,
ki =1.10%,,
K = 1.05k,,
m* =i, my =iy,

a

=1.10¢,
=1.05¢,
=1.10¢,
(39)

* _
m, =ni

The proposed autotuning algorithm is again followed with the
results shown in Table 2. It is observed that, in about five steps,
all system parameters are identified and the peak of the frequency
response (Jpgya ) is reduced more than 30%.
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Table 2 Iteration steps in identification and optimization for 2DOF primary
Step JDFVA Jpo  g®.kg t®.s Kilka cilea kilky cfler Klka o c3lex 100[(8 — 6%)/6%;
1* 1.4914 —— 0.1962 0.0055 1.1000 1.1000 1.1000 1.0500 1.0500 1.1000 —_—
2 1.0961 1.3561 0.1689 0.0053 1.1198 1.0198 1.0006 1.0652 1.0014 1.0895 14.9372
3 1.0469  0.3872 0.1829 0.0053 1.0320 1.0075 1.0001 1.1673 0.9998 1.0226 14.8449
4 1.0236  0.0890 0.1885 0.0053 1.0066 1.0001 1.0000 1.1192 1.0000 0.9720 11.0505
5 1.0230  0.0009 0.1886 0.0053 1.0000 1.0000 1.0000 0.9996 1.0000 1.0001 0.0381
Desired Min{Mcqx } 0 —— —— 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0
2Here, 0=0.
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Fig. 10 Comparison between a) true transfer functions (thin-dotted, tuned DFVA; thin-solid, detuned DFVA; and thick-solid, retuned DFVA) and
b) discrete Fourier spectra (thin-solid, step 1; thin-dotted, step 3; and thick-solid, step 5 as per Table 2).

The true FTF (36) and discrete Fourier spectra of the mea-
sured data are shown in Fig. 10. In contrast with Fig. 8a, we plot the
tuned (nominal system with g and 7), detuned (actual system with
g and 7, step 1 in Table 2), and, finally, retuned (actual system with
g and 7, step 5 in Table 2) systems in Fig. 10a. The optimum oper-
ation at the end of fifth step clearly demonstrates the feasibility of
the method for higher DOF primary structures as well.

The DFVA characteristics are better demonstrated at different
frequencies as shown in Fig. 11. The excitation amplitude is kept
at unity and its frequency is changed around the second peak of

FTF (Fig. 10). This peak is selected because it shows a pronounced
frequency response improvement. For Fig. 10, every 0.15 s the fre-
quency of the excitationis changedas 1860, 1880, 1900, 1920, 1930,
1950, and 1970 Hz. The upper graph in Fig. 11 shows the response
of the upper mass with a tuned DFVA setting. The largest amplitude
is at 1880 Hz. When the detuning takes effect, the largestresponse is
increasedby 23% (see the middle graph). The system with a retuned
DFVA shows considerable vibration suppression (about 32%) over
the detuned absorber (lower graph). This is precisely the objective
of the DFVA retuning scheme.



JALILI AND OLGAC 969

-0.25

-0.75

Upper mass acceleration

-1.25

178 Attt

Max amplitude: 1.1505

T T T T T T T T L —

0.00 0.10 0.20 0.30 0.40

a) Tuned DFVA

0.50 0.60 0.70 0.80 0.90

Time, s

1.75
1.25 —
0.75 —
0.25 |
-0.25 i

\
<
N
¥

-1.25 4

Upper mass acceleration

Max amplitude: 1.5063

-1.75 T T T T ; T
0.00 0.10 0.20 0.30 0.40

b) Detuned DFVA

0.50 0.60 0.70 0.80 0.90

Time, s

1.75

1.25 A

0.75

0.25

-0.25

-0.75

Upper mass acceleration

-1.25 4

A7

Max amplitude: 1.0298

0.00 0.10 0.20 0.30 0.40

¢) Retuned DFVA

0.50 0.60 0.70 0.80 0.90

Time, s

Fig. 11 Frequency sweep each 0.15 s around the second peak, that is, 1860, 1880, 1900, 1920, 1930, 1950, and 1970 Hz.

VIII. Conclusions

An actively controlled absorber is used to improve the wideband
frequencyresponseof a structure. The proposedcontrol strategyis of
a very simple time-delayed partial state feedback type. An essential
component of this strategy is presented in this paper, which deals
with the parametric variations within the system. To increase the
absorber efficiency againstsuch variations, an identification process
is utilized in sequence with an optimization for tuning the absorber.
A nested quasi-real-time system identification/control process is
developed to achieve this recursive operation. Example cases for
SDOF and MDOF primary systems are taken into account. The
performance improvement is demonstrated via simulations.

Appendix A: DR Concept Overview

An overview of DR is presented. The equation of motion govern-
ing the absorber dynamics (Fig. 1b) is

mujéu(t) + e X, (1) + kuxu(t) - gjc.u(t -17) = 0 (A1)
where the last term represents the delayed acceleration feedback.

The Laplace domain transformationof this equationyields the char-
acteristics equation

muSZ +c.s + ku - 8526_” =0 (Az)

Without feedback (g =0) this structure is dissipative with two char-
acteristic roots (poles) on the left half of the complex plane. For g
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and 7 > 0, however, these two finite stable roots are supplemented
by infinitely many additional finite roots. Note that these character-
istic roots (poles) of Eq. (A2) are discretely located (for instance, at
s =a + jo), and the following relation holds:

g = (|’,'1!ls2 + Clls + kll

/lszl)ew (A3)

where || denotes the magnitude of the argument.

With Eq. (A3), the following observations can be made:

1) For g =0, there are two finite stable poles and all remaining
polesare ata = —oo.

2) For g = +o00, there are two poles at s =0, and the rest are at
a=+oo.

When we consider these observations and take into account the
continuity of the root loci for a given delay 7, and as g varies from
0 to oo, it is obvious that the roots of Eq. (A2) move from stable left
half to the unstable right half of the complex plane. For a certain
critical gain g, one pair of poles reaches the imaginary axis. At this
operating point, the DR becomes a perfect resonator, and the imag-
inary characteristicroots are s ==+ jw,, where @, is the resonance
frequency and j = /—1. The subscriptc implies the crossing of the
root loci on the imaginary axis. The control parameters g. and 7, of
concern can be found by substitution of the desired s ==+ j . into
Eq. (A2) as

1
8 = 60(2 \/(Cuw(-)z + (mllwg - k")z

1 | Cq 0,
= — N—]+2£-1 £=1,2,...
T, o {tan |:m,,co§ — ku} £ )n},
(A4)

When these g. and 7. are used the DR structure (Fig. 1b) mimics
a resonator at frequency .. In turn, this resonator forms an ideal
absorber of tonal vibration at @,.. The objective of the control, there-
fore, is to maintain the DR absorber at this marginally stable point.
Further discussions on the DR stability can be found in Refs. 6
and 12.

Appendix B: BFGS Direct Update Method

An initial vector X© is selected that contains all parameters over
which the optimizationis carried out. A symmetric positive definite
matrix H® as an estimate for the Hessian of the objective function
F(X) is then chosen. In the absence of further information, H® =TI
is assumed. In the next step, the gradient vector of the objective
function is calculated as

C” =VF(x©) (B1)

Then, the following linear system of equations is solved to obtain
the search direction d®

H®Pg® = —c® (B2)
starting from k =0. The absorber parameters are then updated as
X(k+ b} zx(k) + akd(k) (B3)

where the scalar a; =a is the step size along the search direc-
tion, which minimizes G(X® + ad®). It is computed using any
one-dimensional search method, such as the golden section search
method'? we selected for this work. The Hessian approximation for
the objective function is updated according to the following rule,
the proof of which is in Ref. 16:

HE+D — g®O 4 p® 4 O (B4)
where the correction matrices D® and E® are given as
A AT
RER)

(u<k> . v(k))’

chow’
E® = ——— (B5)

D = (C<k> . d(k))

with
v® = q,d® (change in parameters)
u® =Cc**Y — Cc®(change in gradient)
ck+D — VF(X(“‘)) (B6)

The procedurerepeated for k =k + 1, until the following inequality
is satisfied:

lc®| < e (B7)

where ¢ > 0 is a small convergenceparameter that is selected by the
user.

This unconstrained optimization procedure is also applicable to
constrained problems. In that case the objective function F needs
to be modified as (see Ref. 17)

Frew(X, 1) = F(X) + Q[h(X), 1] (B8)

wherer is a vector of penalty-imposingparametersand i = {h;(X) },
where i =1, 2, ..., m, is the set of m inequality constraints. Q is
areal-valued function whose contribution to the objective function
Fiew 1s controlled by r. Here we use the inverse barrier function for

Q as17
1\« -1
Olh(X), r] = (;) > |:_h,- (X)} (B9)

i=1

where r is taken as a positive scalar.
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